Abstract-Cylindrical EBG structures excited by a Hertzian dipole source and TM polarized plane wave at oblique incidence are analyzed using a rigorous semi-analytical method based on the cylindrical Floquet mode expansion. Concentric and eccentric cylindrical EBG structures are investigated. Resonance and stopband characteristics in the transmission spectra of the cylindrical EBG structures, enhancement and shading effects in the excited fields, radiation patterns of Hertzian dipole located inside the cylindrical EBG structures in both H-plane and E-plane are numerically studied. Co-polarization and cross-polarizations scattering effects between the electric and magnetic fields are investigated at the oblique incidence of plane waves.
INTRODUCTION
Periodic dielectric or metallic structures are a subject of continuing interest because of their wide use for practical devices in microwaves and optical waves [1, 2] . Periodic structures are under the growing attention as electromagnetic filters, polarizers, as the components of various devices used in optics and microwave engineering. A periodic array of circular rods is typical of a discrete periodic structure. Various techniques have been developed to formulate the electromagnetic scattering from the planar periodic arrays [3] [4] [5] [6] [7] . Recently, we have theoretically investigated radiation of a line source coupled to planar EBG structure and explained how the radiation patterns are modified in the presence of EBG structure [8] .
An alternative of the planar configuration is a cylindrical array formed by circular rods periodically distributed on a circular ring. Cylindrically periodic structures have received a growing attention because of their potential applications to the designs of photonic crystal fibers [9, 10] , directive antennas or beam-switching antennas [11] [12] [13] [14] . Recently, we have proposed a semi-analytical approach for twodimensional electromagnetic scattering, guidance and radiation by the cylindrical arrays. The formulation is rigorous. The method uses threedimensional T -matrix approach [15] , the reflection and transmission matrices of a cylindrical array based on the cylindrical harmonics expansion [16, 17] , and the generalized reflection and transmission matrices for a cylindrically layered structure [15, 18] . It should be noted that similar semi-analytical techniques have been reported in [19, 20] . Using the cylindrical harmonic expansion and applying the boundary conditions on each surface of the cylinders, the authors have derived a set of linear equations for unknown scattering coefficients of each individual circular rod. After that, the matrix equation has been directly solved. However, using this technique the number of unknowns increases proportionally to the number of layers and number of circular rods along each layer. In contrast, in our approach, we firstly extract the reflection and transmission matrices of a single cylindrical periodic layer and then obtain the characteristics of the whole layered structure by using a simple recursive formula [15] . Our proposed method could be easily applied to various configurations of the layered cylindrical arrays with different types and locations of the excitation sources. We have applied the method to the modal analysis of guided waves in a specific microstructured optical fiber [21, 22] , to the analysis of twodimensional plane wave scattering by cylindrical structures [17, 23] , analysis of line source radiation located inside the cylindrical EBG structures [24] and proofed its accuracy, validity and usefulness. To be best of our knowledge, the rigorous analysis of cylindrical EBG structures has been proposed first time.
In this manuscript, based on the proposed formulation cylindrical EBG structure excited by a Hertzian dipole source and TM polarized plane at oblique incidence is considered. Transmission spectra of concentric and eccentric configurations of cylindrical EBG structures taking into account all cylindrical Floquet modes and the interaction between the modes are investigated. Resonances and stopband regions of the transmission spectra into several cylindrical modes are numerically studied. It is shown that when the cylindrical EBG of both configurations is obliquely illuminated by plane wave of particular frequencies related to the resonance frequencies or stopbands, the field patterns are strongly enhanced or shaded inside the cylindrical EBG structure. Discussions about the relation between the resonance and stopband characteristics of the transmission spectra and the excited field patterns inside the cylindrical EBG structure are given. The features may be useful to manipulate the electromagnetic properties of a space by surrounding it with a cylindrical EBG structure. Co-polarization and cross-polarization scattering effects [25] between the electric and magnetic fields at oblique incidence of plane waves on concentric and eccentric cylindrical EBG structures are also numerically studied. Correctness and accuracy of our solutions has been proved by the test of the optical theorem [26] , and comparison with other references for some particular cases.
FORMULATION OF THE PROBLEM
Cross sectional view of N -layered cylindrical arrays of circular rods located in a homogeneous background medium with material constants For eccentric configuration the centre of the 1-st cylindrical layer coincides with the global origin O and a distance between the centers of the 1-st and of the v-th cylindrical layers is d 1,ν . Excitation by a Hertzian dipole source placed in the innermost region (0) or a plane wave oblique incidence from the outermost (N ) region are considered. ε 0 and µ 0 is shown in Figure 1 . The z dependence of all field components is given as exp(iξz), where ξ is the propagation constant along the z-axis. The rods are infinitely long along the z axis and parallel to each other. The problem is formulated by employing electric E z and magneticĤ z = (µ 0 /ε 0 ) 1/2 H z fields as the leading fields. Other transversal components of the electric and magnetic fields could be easily defined through E z and H z fields.
The M circular rods of radius r ν and the material constants ε ν and µ ν are symmetrically distributed on each of N -layered concentric and eccentric cylindrical surfaces with radii R ν (ν = 1, 2, 3, . . . , N ) as illustrated in Figures 1(a) and 1(b) , respectively. The separation angle between nearest two rods along a circular ring is θ M = 2π/M and δ ν is an angle of rotation of the cylindrical layers. Region with R ν < ρ < R ν+1 is labeled as region (ν) and the innermost region as region (0). For the eccentric configuration (Figure 1 in the matrix form as follows:
withψ
where κ = k 2 0 − ξ 2 , J m and H (1) m are Bessel and Hankel functions of the m-th order, respectively,b (ν) ,b (ν−1) andc (ν) ,c (ν−1) are the scattering amplitudes of the incoming and outgoing cylindrical waves on the ν-th layer and ν − 1-th layer, respectively and "T " denotes the transpose of the indicated vectors. Using the semi-analytical approach [16, 17, 23] , we obtain the following relations between the unknown scattering amplitudes:
whereR ν,ν−1 andR ν−1,ν are the reflection matrices of the ν-th layer, which characterize the reflection from the inner region (ν − 1) to the outer region (ν) and from the outer region (ν) to the inner region (ν − 1), respectively;F ν−1,ν andF ν,ν−1 are the transmission matrices of the ν-th layer that define the transmission from the outer region (ν) to the inner region (ν − 1) and from the inner region (ν − 1) to the outer region (ν), respectively. We have omitted in the paper the detail calculation procedure of the reflection and transmission matrices for the cylindrical layers. The readers can refer to our previously published papers [16, 17, 23, 24] . The closed form of the reflection and transmission matrices are related to the three-dimensional T -matrix of a single circular rod in isolation located on the ν-th circular ring [15] , and the geometrical parameters characterizing the periodic distribution of the circular rods along the cylindrical layers. The reflection
,ν } represent the reflection and transmission into the co-polarized electric and magnetic fields, while the non-diagonal block matrices
,ν } describe the reflection and transmission into the cross-polarization space-harmonic components. In case of dielectric scatterers both co-polarized and cross-polarized fields give the contribution in the formation of the scattered field, however in case of perfect conductor scatterers, the cross-polarization scattering effect disappears and the problem is reduced to the consideration of TM and TE waves, separately.
EXCITATION BY HERTZIAN DIPOLE SOURCE
Let us consider that Hertzian dipole source located in the innermost (0) region at (d s , φ s , 0) is directed in z direction. Using the Fourier integral representation, the source field in the local coordinate (ρ s , ϕ s , z) is given as:
where κ = k 2 0 − ξ 2 , ξ is the propagation constant along the z-axis, and I is the current moment of the electric dipole. Using the Graf's addition theorem [27] , the source field in the spectral domain (9) is expressed in the global coordinate system (ρ, ϕ) as follows:
with
where s e is the spectral amplitude of the source field. Following the same calculation procedure as presented in [16] , the transmitted fields E
in the far-zone are obtained as:
where 
whereF
HereR v,v+1 denotes the generalized reflection matrix viewed from the (ν)-th region to the whole outer region and it is calculated through the N times recursion process starting withR N,N +1 = 0. I is the unit matrix. In (18) (14)- (17) reduce to the expressions for the concentric configuration of cylindrical EBG structure (Figure 1(a) ).
EXCITATION BY PLANE WAVE AT OBLIQUE INCIDENCE
Let us consider a plane wave of unit amplitude with a wavevector k 0 is obliquely incident from the outermost region (N ) on the cylindrical structure, where
is the spherical coordinate system with the origin O, k 0 = 2π/λ and λ is the wavelength in the free space.
The z components of the incident field are expressed in the cylindrical coordinate system (ρ, ϕ) as follows: Figure 3 . Oblique incidence of plane waves, where (θ i , ϕ i ) denotes the angle of incidence in spherical coordinate system and ψ i is polarization angle of the incident electric field.
where κ = k 2 0 − ξ 2 , ξ = k 0 cos θ i and ψ i is the polarization angle of the incident electric field as depicted in Figure 3 . By tracing the scattering process (Figure 2 ) over the layered cylindrical arrays, the generalized reflection matricesR ν,ν−1 viewed from region (ν) to all of the inner regions could be obtained as follows:
The generalized reflection matrixR ν,ν−1 could be calculated through the N times recursion process starting withR 2,1 =R 2,1 . Since the reflectionR ν,ν−1 ,R ν−1,ν and transmissionF ν−1,ν ,F ν,ν−1 matrices for each cylindrical array and the generalized reflection matrixR ν,ν−1 for the N -layered cylindrical structure are derived, the total field in each region of the cylindrical structure could be defined. The total field in the outermost (N )-th region is expressed as:
In the (ν)-th region inside the cylindrical structure, the total field is given by the following expression:
Transmitted field in the innermost (0)-th region is given as:
HereF 0,N is the generalized transmission matrix in the innermost (0) region from the outermost (N ) region. If d ν−1,ν = 0, we havē U ν−1,ν =Ī and (26)-(31) reduce to the expressions for concentric configuration of cylindrical EBG structure (Figure 1(a) ).
NUMERICAL RESULTS AND DISCUSSIONS
Although a substantial number of numerical results could be generated for different configurations of cylindrical EBG structures, for the numerical analysis we consider two different concentric and eccentric configurations of three-layered (N = 3) cylindrical EBG structures composed of M 1 = M 2 = M 3 = 8 identical circular rods r 1 = r 2 = r 3 = 0.15R 1 periodically distributed along each cylindrical layer having radii
Firstly, we numerically investigate the spectral responses of both concentric and eccentric cylindrical structures in terms of the generalized transmission matrixF N,0 (ω, θ) given in (14)- (19) . The circular rods are assumed to be perfect conductors. When the Hertzian dipole source is located at the global origin O of concentric cylindrical EBG structure, the structure is symmetric viewed from the origin O and only (0, 0), (±8, 0), (±16, 0) elements contribute in the excitation of the lowest principle cylindrical Floquet modes [29] . Figure 4 shows the dependence of the generalized Firstly, we study the total field distributions inside the concentric cylindrical EBG structure illuminated by obliquely incident TM 3,0 (ω, θ = 45 • )| we can see that a strong enhancement of the field intensity is observed at the oblique incidence of TM plane wave for θ i = 45 • and a focused field pattern is formed in the innermost region of the concentric cylindrical EBG structure ( Figure 5(c) ). Note that at the other angles of θ i the innermost region of the cylindrical EBG structure is shaded because of the stopband nature of the structure. In Figure 6 we present the total field distributions of the concentric cylindrical EBG structure obliquely illuminated by the TM polarized plane wave θ i = 60 • at the normalized excitation frequencies R 1 Figure 4 ). It could be seen that the interference between the resonated cylindrical modes produces a strong focused field pattern in the innermost region (Figures 6(a), 6(b) ) and a unique field pattern with 16 maxima between the first and second layers of the concentric cylindrical EBG structure (Figure 6(c) ). The appearance of field pattern with 16 maxima at R 1 ω/c = 1.17 could be explained by the strong contribution of (16, 0) cylindrical mode in the formation of the field ( Figure 4) .
Next, we numerically investigate the resonance and stopband characteristics of eccentric cylindrical EBG structures in terms of the frequency responses of the generalized transmission matrixF N,0 (ω, θ) given in (14)- (19) . Hertzian dipole source is located at the global origin O of eccentric cylindrical EBG structure, which coincides with the centre of the 1-st cylindrical layer. It should be mentioned that comparison to the concentric configuration, the eccentric cylindrical EBG structure is not symmetric viewed from the origin O and all cylindrical Floquet modes m = 0, ±1, ±2, ±3, . . .; n = 0 are excited. Figure 7 we could see that the most of the resonance peaks are at the same frequencies as those for concentric configuration, however the peaks' maxima are different. Note that the resonance peak at R 1 ω/c = 1.17 for the concentric configuration (Figure 4) , which contributed in the formation of a unique field pattern in Figure 6 (c), is not observed in case of eccentric configuration. In Figure 8 the total field distributions of the eccentric cylindrical EBG structure illuminated by the TM polarized plane wave θ i = 60 • at the normalized excitation frequencies R 1 ω/c = 0.475 and R 1 ω/c = 1.055 are presented and compared to those in Figure 6 for concentric configuration. From Figure 8 it could be seen that the total field intensity is greatly enhanced in the innermost region at R 1 ω/c = 0.475, whereas it slightly decreases at R 1 ω/c = 1.055. It could be explained by the interference of the cylindrical Floquet modes at particular resonance frequencies ( Figure 7) .
Next, we investigate the radiation pattern of a Hertzian dipole source located inside the concentric cylindrical EBG structure in both principle H-plane and E-plane. The geometry of the problem is the same as for [29] , since radiated field would not contain any term with ϕ dependence. At R 1 ω/c = 0.915 (dashed-dotted line) the radiation pattern with 8 beams is formed, since the higher order modes (±8, 0), (±16, 0) also give the contribution in the formation of the radiated field. However, the multibeam effect is not substantial. This is because |F 0,0 3,0 (ω, θ = 90 • )| is a big value at R 1 ω/c = 0.915 and it compensates the effect of interaction of the higher order modes to form the strongly directive multibeam radiation pattern. Despite the fact that the proposed cylindrical EBG structure could not be considered as an appropriate structure from the viewpoint of design the multibeam antenna, our analysis have demonstrated the principles of the formation of multibeam radiation pattern of Hertzian dipole source and shown that the directivity of radiation of a Hertzian dipole is closely related to the resonance characteristics in the transmission spectra of the cylindrical EBG structure. The results are not presented here, however, it should be mentioned that for realization of the multibeam radiation pattern with 8 narrow beams in H-plane in the presence of cylindrical EBG structure, it would be better to increase the number of circular rods along the second and third cylindrical layers such as M 2 = 2M 1 = 16, M 3 = 3M 1 = 24 [29] . Interestingly, narrow beam radiation patterns in the vertical direction are formed at both resonance frequencies in E-plane (ϕ = ϕ max ) as presented in Figure 10 . For comparison the radiation patterns of Hertzian dipole source without the cylindrical EBG structures are also plotted by a solid line in both principle planes. (Figure 11 ). In order to improve the radiation pattern in H-plane we placed one additional circular rod of perfect conductor having radius r orig /R 1 = 0.2 at the origin of the cylindrical EBG structure. This circular rod could serve as a ground plane for cylindrical EBG structure. Please note that reflection matrix of this circular rod is just a diagonal T -matrix of a circular rod in isolation. From Figure 13 it follows that the radiation pattern in H-plane is substantially improved and very fine radiation patterns are formed in vertical direction. As for E-plane shown in Figure 14 , the radiation patterns are changed comparison to Figure 12 by the interaction with the circular rod placed at the origin. Three directive radiation pattern Finally, we study in some detail the co-polarization and cross-polarization scattering characteristics between the electric and magnetic fields at the oblique incidence of plane waves on the cylindrical EBG structures. Geometry of the problem is the same as for Figures 4-8 . Using the asymptotic behavior of cylindrical Hankel function in (27) Figure 14 . The same as in Figure 13 in E-plane.
where
Here b
are the amplitudes of the incident fields given by (20) - (25) . Note that the scattering amplitudes in (33), (34) are expressed through the generalized reflection matrices of both copolarized and cross-polarized space harmonics. In the numerical results the normalized frequency parameter is R 1 /λ = 0.7 and ϕ i = 180 • . In Figures 15-18 we plot the normalized differential scattering crosssection:
Figures 15 and 16 illustrate the dependence of the normalized differential scattering cross section (35) versus angle of observation ϕ at different angles of incidence θ i for both concentric and eccentric configuration of the cylindrical EBG structures, when the circular rods are dielectrics. Dielectric permittivity of the circular rods is ε 1 = ε 2 = ε 3 = 4.0ε 0 . In Figure 15 we have assumed that an angle of polarization of an incident electric field is ψ i = 0 polarization scattering effect disappears in case of normal incidence of plane waves when θ i = 90 • . The results are not presented here, however it should be mentioned that the cross-polarization effect becomes very small in the lower frequency range, when R 1 /λ < 0.4. As for the copolarized scattering cross-sections k 0 σ EE and k 0 σ HH , strong directive peaks in the forward direction ϕ = 180 • in the range of 25 dB-35 dB could be observed at different angles of oblique incidence θ i for both configurations of cylindrical EBG structure and polarization angle ψ i .
From the comparison of concentric and eccentric configurations, one distinguishable feature appears at the low angle of oblique incidence θ i = 20 • (green line), when the strong enhancement in the backward direction is observed for eccentric configuration.
(a) (b) (a) (b) Figure 18 . The same as in Figure 17 but at oblique incidence of TE plane waves (ψ i = 90 • ).
The normalized differential scattering cross section both concentric and eccentric configuration of the cylindrical EBG structures, when the circular rods are perfect conductors is shown in Figures 17  and 18 . In case of perfect conductor scatterers the cross-polarizations scattering effect disappears and only co-polarized scattering effect is observed. From the comparison of the figures for concentric and eccentric configurations, it follows that scattered intensity in the forward direction is strongly enhanced for the concentric configuration. Scattering intensity for incident TM waves (Figure 17 ) is much stronger than that for TE wave incidence ( Figure 18 ) for both configurations, which has not been observed in case of dielectric circular rods.
In order to confirm the accuracy of the presented numerical results, we have checked the optical theorem [26] for our solutions. The scattering cross section σ s and the extinction cross section σ e of the cylindrical structures in case of the oblique incidence are given by:
where f (ϕ, θ i , ϕ i ) = f e (ϕ, θ i , ϕ i ) for TM wave incidence (ψ i = 0 • ) and f (ϕ, θ i , ϕ i ) = f h (ϕ, θ i , ϕ i ) for TE wave incidence (ψ i = 90 • ).
The results are presented in Tables 1 and 2 . It is evident that the present solutions well satisfy the optical theorem. Further evidence of 
